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Abstract Wc provide a new class of interior solutions 
for anisotropic stars admitting conformal motion. The 
Einstein's field equations in this construction arc solved 
for specific choices of the density/mass functions. We 
analyze the behavior of the model parameters like radial 
and transverse pressures, density and surface tension. 

Keywords Conformal motion; Anisotropic star; Exact 
solution. 



1 Introduction 

In the modelling of compact objects it is generally as- 
sumed that the underlying matter distribution is ho- 
mogeneou s and isotropic i.e. , a perfect fluid (0 1983) 



[Kippenhahn fc Weigert 1981 ). Such an approach is, in 
general, adopted to model polytropic stars like white 
dwarfs, compact objects like neut ron stars and ultra - 
conipact objects like strange stars (|Glendenninall997l ). 
However, theoretical advances show that pressure inside 
a compact object need not be completely isotropic and 
various factors rnay contribute to pressure anisotropy 
( RudermanI Il972l : Icanutol \l97i IPev fc Gleise^ 12002 . 
20041) . Consequently, the pressure inside a compact 
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star may be decomposed into two components: the 
radial pressure (pr) and the transverse pressure (pt)- 
The later acts in the orthogonal direction to the for- 
mer one and their difference A = {pt — Pr), is crucial 
in the calculations of surfa ce tension of a comp act star 
ISharma fc Maharajl [20071 ). iRudermanI (|l972l ) showed 
that nuclear matter may become anisotropic in the high 
density region of order 10^^ gm/cc, which is expected 
at the core of compact terrestrial objects. Though 
we lack a complete understanding of the microscopic 
origin of the pressure anisotropy, the role of pressure 
anisotropy in the modeling of compact stars is a field 
of active research. In particular, it has been predicted 
that anisotropy plays a crucial role in the modeling of 
ultra -c ompact s tars li ke strange stars ( Aktas fc Yilmaj 



20071) . IWittenI (|1984 suggested that if quarks are de- 



confined from the hadrons then u, d and s quarks may 
yield a stable ground state of matter. This state of 
matter is termed as strange matter and a star com- 
posed of strange matter is called a strange star. Recent 
observational and empirical findings related to several 
compact objects like Her X-1, SAX J 1808.4-3658, RX 
J185635-3754 and PS R 0943-HO strongly suggest tha t 
they are strange stars (|Bombacilll997l : IXu et al.ll200l[) . 
There are several ways a strange star can form: a mas- 
sive star may go under core collapse after a supernova 
explosion; alternatively a rapidly spinning star may un- 
dergo a phase transition to become a strange star. Since 
the density inside a strange star is beyond nuclear den- 
sity anisotropy may develop and, therefore, a relativis- 
tic treatment with anisotropic pressure should be a rea- 
sonable approach to model such stars. 

In the present work, we provide new solutions to 
model anisotropic stars admitting conformal motion. 
The plan of the paper is as follows. In section 2 we pro- 
vide the basic equations which describe an anisotropic 
stars admitting conformal motion. In sub-sections 2.1 
and 2.2, we solve these equations for a specific choices of 
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the density /mass functions. We conclude by discussing 
our results in section 3. 



2 Anisotropic stars 



Inspired by some earlier works (iMak &: Harkd 12004 : 



Aktas fc YilmazlboOTtlRahman et al.lboiol ) on anisotropic! 

stars admitting a one parameter group of conformal 
motions, we look for a new class of anisotropic star so- 
lutions admitting conformal motion. It is well known 
that to find the natural relation between geometry and 
matter through the Einstein's equations, it is useful 
to use the inheritance symmetry. The well known in- 
heritance symmetry is the symmetry under conformal 
killing vectors(CKV) i.e.. 



L^gf,^ = il'gf,u, A*, = 1,2,3,4. 



(1) 



The quantity on the left hand side is the Lie deriva- 
tive of the metric tensor, describing the interior gravi- 
tational field of a compact star with respect to the vec- 
tor field ^, and ip{r) is an arbitrary function of r. If ip 
is a constant then equation ([T]) generates homoetheties 
while '0 = results in killing vectors. Conformal killing 
vectors provide a deeper insight into the spacctimc ge- 
ometry. 

To generate a new class of solutions making use of 
this symmetry, we choose the static spherically sym- 
metric spacetime in the standard form (chosen units 
are c = 1 = G) 



(2) 



where iy{r) and A(r) are yet to be determined. 

For an anisotropic matter distribution, with the 
energy-momentum tensor given by ~ diag (p, — 
Pr, — Pt, —Pt), the Einstein's field equations for the 
metric ([2]) are obtained as 



8^p,(3) 

8^Pr(,4) 
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where a / denotes differentiation with respect to r. Now, 
the equation 



for the line element given in equation ([2]) generates 

ev' = 0, (7) 
e = Ci, (8) 

e = % (9) 

^iA' + 2^,\ = V, (10) 
where C\ is a constant. These consequently imply 

(11) 
(12) 

(13) 



where C2 and C3 are integration constants. Equa- 
tions (fTT|) - (fT3)) , help us to rewrite equations (|3l)-(|5l) in 
the form form (jRahman et al.lboid iRav et alTBoOSl) 
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(14) 
(15) 
(16) 



Wc thus have three independent equations and four un- 
known parameter. We, therefore, are free to choose any 
physically reasonable ansatz for any one of these four 
unknown parameters to solve the set of equations. 

2.1 Given density profile: p= g^(^ + 36). 



In iDev fc Gleisen (|2002l . 120041 ) model, an anisotropic 
star admits two major types of density distributions, 
p =constant and p ^ r~^. These two can be con- 
structed in one simple form as shown above. Here a 
and b are constants which generate various configura- 
tions of the star. For example, by choosing a = 3/7 and 
5 = 0, one may obtain a rclativistic Ferr ni gas. Makin; 



7^ 

use of the de nity profile as prescribed bv lDev fc Gleiseii 
( 200il2004l ). wc rewrite equation ^ as 



which can be solved easily to yield 



(6) V = 



(1 - a)C| - C|6r2 + 



C 



(17) 



(18) 



In equation ([T5| . C is an integration constant. Conse- 
quently, we obtain an exact analytical solution in the 
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fori 



CI 



[{l-a)Cl 



Cibr-^ 



The two pressures are obtained as 
[{l^a)Ci-Cibr^ + ^] 



Pt 



Pr 



[bC 



c 



87rC|r2 



3[il-a)Ci-Cibr' + ^] 1 



87rC|r2 



(19) 
(20) 

(21) 
(22) 



The measure of pressure anisotropy is given by 



A 



1 [il-a)Ci-Cibr^ + ^] [ba 



2 , C 

3 + 27^ 



87rr2 



47rC|r2 



(23) 



• In this model, if we set C = 0, the two metric func- 
tions i/(r) and A(r) become well behaved. Though 
the central singularity in the physical parameters like 
energy density, presure and anisotropic parameter 
can not be avoided in this formalism, the solution 
may be used to describe the envelope region of a star 
in a core-envelope type model. 

• ^ corresponds to a force due to the anisotropic na- 
ture of the star. This force will be repulsive if — > 
i.e., Pt > Pr and attractive if — < 0. In the present 
model, is given by 



A 

r 



1 [(l^a)C|-C|6r2 + g] [bCl + £,] 



(24) 



• At the surface of the star r = R, we impose the con- 
dition that the radial pressure vanishes, i.e., pr(r = 
i?) = 0, which gives 



3[{l-a)Ci~ClbR^ + %] 1 



87ri?2 



0. 



(25) 



Equation (|25|) can be solved easily to yield 
C . /(3a -2)3 CP 



R = 



2bCl 



72963 



462 C| 



where, r„ = {^)^ equals the radius of the quark 
particles, n is the baryon number density and R is 
the radius of the star. By substituting the value of 
pressure gradient given by 



87r 



dpr 

dr 



2 6 [(1 - 0)6*32 - C326r2 + f ] 3 [2bCl 



(27) 



one can calculate the surface tension in the present 

dp 



model. Note that is a decreasing function of r in 



this model. 

The mass function in this case takes the form 



m{r) ^ A-K I p{x)x'^dx = -{ar + br^). 
Jo 2 



(28) 



The characteristics of the model have been shown 
graphically in Fig. 1-8. 



2.2 Given mass function: (m(r) 



Let us assume a mass function of the form 
br^ 



m(r) 



2(1-Har2)' 



(29) 



where, a and b are two arbitrary constants. Such a mass 
function has been found to be relevant in the stud- 
ies of compact stars like strange st a rs or dark-energy 
stars (see e.g., [Sh arma fc Maharail (|2007t ) and refer- 
ences therein). As the mass m{r) is defined as 



mir) =4:77 X p{x)dx^ 
Jo 



(30) 



this is equivalent to choosing the density profile in the 
form 



6(3 + ar2) 



(1 + ar2)2' 



(31) 



Equation (1141) for the above matter distribution takes 
the form 



1 r 



2tlji^' _ 6(3 + ar2) 
Tcf" " (1 + ar2)2' 



(32) 



whose solution is given by 



C 
26Cf 



'(3a -2)3 
72963 



C2 
462 Cl 



(26) ^ 



If a star is composed of quark particles, then 
the surface tension S of the star is defined as 



(jSharma fc Maharaill2007n 



25" ,dpr . 



6C32r2 



C 



(1 + ar2) r 



Thus the metric functions arc obtained as 

r2 

„^ _ 3 



bC^r^ 
(l+ar^) 



C 



(33) 

(34) 
(35) 
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Note that the metric functions are regular at the centre 
if we set C = 0. 

The radial and tangential pressures are obtained as 



[ci 



(l+ar2) 



c 



(1 



and the measure of anisotropy is given by 



inA=—- 



2„2 



Cir 



C 



(36) 
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(38) 



and force inside the star. In this model all these param- 
eters are well-behaved as shown in Fig. 1-16. However, 
our solutions suffer from a central singu larity problem 
as can be found in some ear l ier works ({Mak fc Harko 



20041: lAktas fc YilmazI l2007t iRahman et all I2OI0I ) 



as 

well and, therefore, is suitable for the description of 
the envelope region of the star. It will be interest- 
ing to examine whether other forms of matter distri- 
butions can solve the central singularity problem for 
anisotropic stars possessing conformal symmetry. This 
will be taken up elsewhere. 

Acknowledgements RS gratefully acknowledges sup-| 
port from lUCAA, Pune, India, under the Visiting Re- 
search Associateship Programme. 



At the boundary, radial pressure vanishes {prir — R) 
0), which gives 



1 



"^^-^3 (l+g-R^) 



^1 



= 0. 



(39) 



Equation ([5^ determines the radius R of the star. 

We, thus, obtain all the physical parameters in sim- 
ple analytic forms. Though energy density is regular 
throughout the interior of a star, the two pressures still 
remain singular in this model. The characteristics of 
the model are shown graphically in Fig. 9-16. 



3 Discussions 

It is an established fact that the density within a com- 
pact star may go beyond nuclear density and anisotropy 
may develope at the interior of the star. To model a 
compact star with highly anisotropic matter distribu- 
tion, we require a relativistic treatment. In this model, 
the anisotropic star is assumed to be a spherically sym- 
metric fluid distribution where the total pressure of the 
fluid is decomposed into two pressure terms, the radial 
and the transverse one. The difference between the two 
is a measure of the surface tension of the star, vis-a-vis 
stiffness of the core. 

Here we have obtained a new class of solutions in 
simple analytical forms describing anisotropic stars ad- 
mitting conformal motion. These are obtained by tak- 
ing energy density and mass variation profiles in two 
different cases. The solutions obtained here are in sim- 
ple closed forms and can be used to study the physical 
behavior of compact anisotropic stars like neutron stars 
and strange stars. For a physically meaningful solution, 
it is imperative to study the behaviour of the physical 
parameters like energy density, mass, pressure gradient 
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Fig. 1 The EoS parameter u is plotted against the radial 
parameter. Chosen parameters are C = .5, C3 = .1 and 
b — .03. Radius of the star is i? = 13 km. 
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Fig. 2 The density parameter p is shown against r. Chosen 
parameters are the same as in Fig.l 
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Fig. 3 The radial pressure pr is shown against r. Chosen 
parameters are the same as in Fig.l 
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Fig. 4 The anisotropy pt — Pr is shown against r. Chosen 
parameters are the same as in Fig.l 
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Fig. 6 The radial pressure gradient is shown against r. 
Chosen parameters are the same as in Fig.l 



100- 



80- 



20- 








■7=^ 1 • 1 • 1 • 1 • r- 

2 4 6 8 10 12 



a = 0. 1 a = 0.2 a = 0.3 a = 0.5 

a =0.9 



Fig. 5 The force parameter is shown against r. Chosen Fig. 7 The mass parameter m(r) is shown against r. Cho- 
parameters are the same as in Fig.l sen parameters are the same as in Fig.l 
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Fig. 9 The EoS parameter oj is plotted against tiie radial 
parameter. Chosen parameters are C = .5, C3 = .1 and 
a = .2. Radius of the star is 7? = 9 km. 
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Fig. 11 The radial pressure pr is shown against r. Chosen 
parameters are the same as in Fig. 9 
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Fig. 12 The anisotropy pt —pr is shown against r. Chosen 
parameters are the same as in Fig. 9 
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Fig. 13 The force parameter is shown against r. Chosen 
parameters are the same as in Fig. 9 
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Fig. 14 The radial pressure gradient is shown against r. 
Chosen parameters are the same as in Fig. 9 
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Fig. 15 The mass parameter m(r) is shown against r. 
Chosen parameters are the same as in Fig. 9 
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Fig. 16 The conformal parameter ^{r) is sliown against 
r. Cliosen parameters are tlie same as in Fig. 9 



